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Question 1 [12 marks]

1.1.  Define the following terms:

1.1.1. Power set, P(S) [2]
1.1.2. Sigma algebra, o(S) (2]
1.1.3. Boolean algebra, B(S) [2]

1.2.  Consider an experiment of rolling a die with four faces once.
1.2.1. Find the power set of the sample space S for this experiment, where S represents the
sample space for a random experiment of rolling a die with six faces. [3]
1.2.2. Show that the set 0(X) = {d), S, {2,3},{1, 4}} is a sigma algebra. [3]

Question 2 [27 marks]

2.1. Let X be a continuous random variable with p.d.f. given by

X ifo<x<1
fx(x)={2—-x if1<x<2
0 otherwise
Then find cumulative density function of X [7]

2.2. The cumulative distribution function (c.d.f.) of a random variable X is given by

0 forx<O0
Fy(x) = ; for0<x<4
1 forx=>4
Then use the c.d.f. of X to find
221.P(2<X<3) [2]
222.P(X =21.5) [1]
2.2.3. the 25" percentile value of X. [2]

2.3. Consider the following joint p.d.f. of X and Y.
fy) =3 +¥)0,1)(x + ¥) 0,1y () (0,1)(¥)
Find the marginal p.d.f. of Y. [4]
2.4. Let X and Y be a jointly distributed continuous random variable with joint p.d.f. of
2
ey (%, 7) ={1.2(x+y ) for0<x<land0<y<1

0 otherwise
2.4.1. Show that marginal pdf of X, fx(x) = g(x + é) Lo, 1)(x). [2]
2.4.2. Find the conditional distribution of Y given X = %. [3]
2.43. Find P(Y = 0.15|X = 0.25). [3]
2.4.4. Find the conditional mean Y given X = %. [3]
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Question 3 [24 marks]

3.1. Let X and Y be two random variables and let a, b, c and k be any constant numbers. Then
Cov(aX + c,bY + k) = abCov(X,Y). [5]
3.2. Let ¥, Y,, and Y5 be three random variables with E(Y;) =5, E(Y,) = 12, E(Y3) = 4, d,?l =2,
oy, =3,0%, =1, gyy, = —0.6,0y,y, = 0.3,and oy,y, = 2.IfR = 2Y; — 3Y, + Y3, then find

3.2.1. the expected value of R. [2]
3.2.2. the correlation coefficient between Y; and Y3 and comment on your result. [3]
3.2.3. the variance of R. [5]

3.3. The joint probability density function of the random variables X, Y, and Z is

4
yz?, 08x <0<y :0€2<3,

fl,y.2) =19
0, elsewhere.
Find the joint marginal density function of Y and Z. Hint: find fy;(y, 2). [4]
3.4. If X1,X5,and X3 are DISCRETE random variables with joint p.m.f. f(xy,x5,x3), then for any
constants ¢y, ¢, and c3, show that E(Z?=1 ciX;) = Y1 GE(X)). [5]

QUESTION 4 [17 marks]

4.1. Suppose that X is a random variable having a binomial distribution with the parameters n and p
(i.e., X~Bin(n, p)).

4.1.1. Show that the moment generating function of X is given by My (t) = (1 -p(1- et))n.
Hint: (a + b)™ = 37_o(})a*b™*. (4]
4.1.2. Find the cumulant generating function of X and hence find the first cumulant. [5]

4.2. Let the random variables X ~Poisson(4;) for k = 1, ..., nbe independent Poisson random
variables. If we define another random variable ¥ = X; + X, + .-+ X,,, then find the
characteristics function of Y, ¢y (t). Comment on the distribution of Y based on your result. [Hint

x, (t) = eMe(e D], [8]

QUESTION 5 [20 marks]

5.1. Suppose that X and Y are independent, continuous random variables with densities fy(x) and
fr(¥). fZ = X +Y, then show that the density function of Z is

f2(2) = [2, fi(z = V) fy @)y [5]

5.2. Let X and Y be independent Poisson random variables with parameters A; and A,. Use the
convolution formula to show that X + Y is a Poisson random variable with parameter A; + 4,.

(7]

5.3. Let X; and X, have joint p.d.f. f(xq, x;) = 2e"®1t%2) for 0 < x; < x, < 1.let¥; = X; and
Y, = X1 + X,. Find the joint p.d.f. of Y; and Y, g(y1, ¥2). [8]
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